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SUMMARY
Severalapproximatee m thodsforcalculatingliftdistributionsat
subsonicspeedsarecombinedandextendedto forma simplestep-by-step
procedureforcalculatingsymmetricandantisymmetricliftdistributions
forarbitraryangle-of-attackconditionson sweptandunsweptwings.
Methodsof estimatingtherequiredaerodynamiccharacteristicsare
included,butanyavailabletheoreticalor experimentalresultsmaybe
usedinseveralstepsof theanalysisto shortentheworkandincrease
theaccuracy.Theextensionofthemethodto thecalculationf aero-
dynamicinfluencecoefficientssndof spanwisemomentdistributionsi
indicated.
INTRODUCTION
~ empiricalmethod(ref.1)forcalculatingspanwiseliftdistri-
butionsonunsweptwingshasbeenusedextensivelyinthepast. In
modifiedform(ref.2) ithasbeenappliedto thecalculationf spsn-
wiseliftdistributionson sweptwings.Morerecently,an improved
methodof calculatingtheliftdistributionsdueto twisthasbeen
published(ref.3).
In thepresentpapera limitationof themethodofreference3 as
appliedtoantlsymmetrictwistsis indicatedandremoved.Themethods
ofreferences1 to3 srethencombinedwitheachotherandwiththe
resultsof snotherinvestigation(ref.4) intoa step-by-stepprocedure
whichstartswiththelift-curveslopeandtheadditionalliftdistri-
butionandproceedswiththecalculationf symmetricbasicliftdistri-
. butions,theliftdistributionduetoroll,therolling-momentcoeffi-
cientdueto roll,and,finally,antisymnetricliftdistributions.The
-. —
2’ NACATN 2731
additionallifl-distributionshereindefinedastheliftdistribution
forconstantangleofattackacrossthespanwitha liftcoefficient .
equalto 1. Thebasicliftdistributionisdefinedas theliftdistri-
butionofa twistedwingatizero(total)lift.Meansof calculating
theaerodynamiccharacteristicsrequti~inthemethodarecontainedin r
thispaper,butif anyofthesecharacteristicsareknownfromother
sourcestheymaybe incorporatedintheprocedurewitha result-t
savingintimeandimprovementof accuracy.
Themethodof thispaperisderivedinappendixA. Itisoutlined
andsomeexamplesof itsapplicationtovarious planformsandangle-of’=
attackconditionsarepresentedanddiscussedin thebodyofthepaper.
Formulationf themethodinmatrixnotationforthepurposeofobtaining
aerodynamicnfluencecoefficientssuitableforaeroelasticanalysesis
accomplishedinappendixB ofthepresentpapsginthem-er employed
inreference5. Inasnmchasthemethodof thepresentpapersupersedes .
thatofreference2, onwhichreference5 is%ased,appendixB ofithe
presentpapersupersedesreference5. . . . .
Meansforestimatingthespanwisedistributionsofpitchingmoments
(orlocalcentersofpressure)requiredin anaeroelasticanalysisare
indicatedin appendixC.
SYMBOLS
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a
an
a
=
‘e
ai
b
aspectratio,b2/S
distanceof localaerodynamiccenterfromleadingedge,
fractionof chord
coefficientinFourierseriesfor 7
angleofattack,radiansunlessspecifiedotherwise
averageangleof attack,radians
effectiveangleofattack,radians
inducedangleofattack,radians
/
dczdcz
control-effectivenessparameter,— —
db da
wingspan
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.
NACATN27’51 3
h~
c1,2,3
cL
c&
Y
?’b
yd
7r
71
72
coefficientinFourierseriesfor a sin6’
coefficientsforadditionalliftdistribution
wingliftcoefficient,ILft/qs
winglift-tuneslope,perradianunlessspecified
otherwise
rolling-momentcoefficient,Rollingmoment/qSb
damping-in-rollcoefficient,-CZP
rolling-momentcoefficientdueto rollingperunithelix
angle(radians)attip
chord,measuredparallel
averagechord,S/b
sectionliftcoefficient
to planeof symmetry .
.—
sectionlift-curveslope,perradianunlessspecified
otherwise
sectionlift-curveslopein incompressibleflow,per
radian
distancefromleadingedgeto centerof pressuredueto
ailerondeflection,fractionof chord
loadingcoefficient,Ccl/r
loadingcoefficientfor
loadingcoefficientfor
loadingcoefficientfor
loadingcoefficientfor
loadingcoefficientfor
loadingcoefficientfor
additionalliftdistribution
%asicliftdistribution
unit-rollingliftdistribution
residualiftdistribution
unitangleof attack
unitlinearsntisymmetrictwist
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I
J
K
‘o
kO‘
k2
k3
kk
2
A
controldeflectioninplaneperpendiculartohingeline,
radians .-— .
sectionlift-curve-sloperatio,CZ 2fi/
n
a
dimensionlesslateraldistancefromwingroot, -.
Lateraldistance ?.
bw
---22
. .=
.
plan-formparameter,A/vCOS A
..
addit-ional-lift-distributioncomponentiueto sweep
contributionf function
J
1
rolling,4 fy+2dy++
o
f .to
abscissaof centroidof srea.of
ccrcrectionfactorforeffectmf
ofpressureinsteadyroll
finite-spancorrectionforwing
equation(7)
finite-spancorrectionforwing
to slender-wingtheory
rollingmomentdueto
m“
.—
unctionf P
taperon lateralcenter
lift-curveslope,
lift-curveslopeaccording
—
—
finite-spancorrectionforbasicliftdistribution,
equation(12)
finite-spancorrectionforliftdistributioni roll,
.
equation(15)
finite-spancorrectionforresidualiftdistribution,
equation(22)
finite=spancorrectionforTolling-momentcoefficientdue
toroll,equation(17) ““
..
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sectionMft
.
angleof sweepbackatquarter-chordline l
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Subscripts:
II
III
effectiveangle
tan-l tanA
m
ofsweepbackincompressibleflow,
taperratio,Tipchord/Rootchord
free-streamMachnumber
pressuredifferencebetweenupperandlowersurfaces
dynamicpressure
wingarea
wingthickness
widthof fuselage
trigonometricvariablecorrespondingto N, co+++
dimensionlesslateralordinate,Lateralordinate/Semispan
dimensionlesslateralordinateofwingcenterofpressure
effectivelateralcenter-of-pressurelocationofresultant.
loadcausingrollingmomentduetorolling
two-dimensionalflow
three-dimensionalflow
DESCRIPTIONFTHEMETHOD
SymmetricLiftDistributions
Theliftdistributionforanysymmetricangle-of-attackdistribu-
tionmaybe consideredto consistof twopartsja basicliftdistribu-
tionwithzerototalliftandan additionalliftdistribution.Thebasic
liftdistributionfora giventwistisdefinedasthedistributionfor
. thegivenwingwiththeangleof attackreducedequallyat everypoint
untilthetotalliftiszero.Theadditionalliftdistributionisdefined
asthedistributionwhichthewingwouldcarry if it wereuntwistedand
.
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theliftcoefficientwereequalto 1.0. Iftheadditionalandbasic
liftdistributionsaredefinedintermsof theirloadingcoefficients,
then
.
?
(1)
andtheliftdistributionforanyvariationof angleof attackortwist
acrossthespanmaybewrittenintheform .
7 = Cj#i7a+ 7b (2)
ThissectionIsconcernedwiththedeterminationofthequantities
course,be usedinsteadofthevaluesgivenherein.
Lift-curveslope.-Thewinglift-curveslopemaybe obtainedfroIu
thesectionlift-curveslopeanda fin~te-sp.~correctionas
C%t=CzaCOSA ~-- (3) —
where c1~ and ~ aredeterminedas follows:
Thesectionlift-curveslopeistakenfor thesectionperpendicular
to thequarter-chordlineat a Machnumberequaldo M cosA; itmaybe
estimatedfromtherelation
(4)
.
.
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.
cl
a
wheretheratio — isgiven
c‘%
theoreticaldataofreference6
in figure1 fromtheaverageof the
,,
forairfoilsoftheNACA63A,64A,and
65Aaswellasthe63, 64, 65, and66 (withsubscripts)eriesas-a
functionoftheeffectiveMachnuniberM cosA forseveralairfoil —
thicknessratios(perpendicularto thequarter-chordline).Forall
commonlyusedairfoilsectionsthelift-curveslopein incompressible
flow Cz isbown ormaybe calculated.
—
%.
Fromthevalueof Cla a ratio ——
maybe calculatedand,hence,a plan-formparameter,definedin refer-
ence4 as
Accordingto reference4,thevalueof ~ maythen.hegivenin terms
of thisplan-formparameteras
%= ‘4rF1+—+2F2 (7) .=_—
ThefactorkO isplottedinfigure2 asa functionoftheplan-form
psrsmeterF. Forverylargeanglesof sweepbackanotherfactor~’,
alsoshowninfigure2, shouldbeusedinsteadof ~.
Additionalliftdistribution.-Theadditionalliftdistribution
maybe obtainedfromexperimentaldataortheoreticalcalculations
(ref.7, forinst=ce)ormaybe estimatedfromtherelationderivedin
appendixA,
—
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7a= cl:+ C2:P+c3f
c
wherethesweep-correctionfu ctionf isgiveninfigure3 andwhere .
thecoefficientsCl, C2,and C3 aregiveginfigure4. Thefunc-
tion f dependsonan effectiveangleof sweepbackAe definedby
‘~~ isals~shom-infigure3 asthe““““‘“-””~jTheellipticdistribution~
valueof thefunctionf for Ae.= O.
Unlikethevalueof ~a giveninreference2, thatgivenby equa-
tion(8)reducestothecorrectvalue(that-givenby low-aspect-ratio
theoryor slender-wingtheory)whentheaspectratioisverylowandto
thecorrect(strip-theory)valuewhenthea=~ect”rat-io”isveryhigh.
Ingeneral,equation(8)maybe expectedto-applytomostpracticalplan
formswithnearlystraightquarter-chordlines,except hosewithvery
largeeffectiveanglesofsweepback,saygreaterth”hnabout60°. For
suchwingstheliftdistributionmaybe estimatedfromtheresultsof
slender-wingtheory(refs.8 and9),asexplainedmorefullyin
appendixA. Accordingtoslender-wingtheory,theliftdistributioni~”
likelytobe almost-ellipticfora wingwitha plan-formparameterless
thanabout-2.5.A wingwitha plfi-formp-eter greaterthanabout2.5
canbe dividedintothree-regions.Inthetwo-dimensionalregionthe
liftdistributionisproportionaltothechord,inthetipregionthe
liftdropsoffwithinfiniteslope,andintherootregiontheliftdrops
to about2/n ofthe valueitwouldhaveif itwereproportionalto the -
chord.(Seefig.5.)
Thelateralordinateofthecenterofpressure~ oftheaddi-
t-ionalliftdistribut-ionorof anylifi-distributionfor-aconstant
angleof attackacross‘thespan*Snumericallyequaltothemomentabout
theoriginofthefunction7a,sincetheareaunderthefunction?’a
is 1. Therefore,
y+=c~ 1+2X +C2; 3+CJ
3(1+ k)
(9)
.
—
—
--
—
—
--
-. —
=
-—
,..
.
.
*
iM
.
.
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where J istheabscissaof thecentroid
andisgiveninfigure6 asa functionof
9
,,
-
of areaof thefunctionf
theeffectiveangleof sweep.
back Ae. E@atio~(9)appliestoa linearlytaperedwing. Fbrawing ,
whichisnotlinearlytapered,theterm l+2L of equation(9)may
3(1 + k)
be replacedby
Basicliftdistribution.-As describedin appendixA, thebasic
liftdistributionmaybe obtainedfromthelift-curveslopeandthe
additionalliftdistributionasfollows:
Yb =klCk(a - =)7a
where ~ is evaluatedfromtheintegral
andthecoefficientkl isobtainedfromtherelation
(lo)
.-
.-:
.-
__.—
.—
(11)
1 4F1+—+2
kl =
F2
whichisplottedinfigure2. Theintegrationi dicatedin equation(11)
maybeperformedgraphicallyornumerically(bymeansof Simpson’srule,
forinstance).
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Iftherearediscontinuitiesnthean@e-o&-attackdistribution,
theyshouldbe fairedbeforetheangle-of-at~ackdistributionisusec-.
in equations(10)and(11). ..Apparent-lythebestresultsareobtained,
on theaverage,whenthefairingextendsabout-0.3semispanon either *
sideofthediscontinuityandpassesthroughthemidpointofthedis-
continuity;thefairedcurveshouldhavethesameareaastheunfai=d
one. . *
AntisynmetricLiftDistributions
Theliftdistributionfor_anyantisymmetrictwistmaybe considered
to consistofltwopart-s:a rolling-type--distribution,whichisthedis-
tributionforthegivenwingwitha linear‘Zihti.symmetrictwistofsuffi-
cientmagnitudetohavethesamerollingmomentasthetwistdistribu- :
tionofinterest,anda residualdistributi~n,whichisthedifference .
betweentherolling-typeandthetruedistributiona dwhich,by defini-
tion,haano rollingmoment.IftheUnit-iollingtypeofdistribution + .—
isdefinedby itsl;adingcoefficient
cc1
~d~—
zc~d
where Cld istherolling-momentcoefficientof thedistributionfor
linearantisymmetrictwistwithunitangleattheti~(’andis,hence,
.
a
thenegativeoftheconventionallydefinedrolling-moment
dueto rollingCz ), andiftheresidualdistributionisP
loadingcoefficient
coefficient
definedby its
—
....
thenanyantisymmetriclift-distributionmaybewrittenas
7 = CZd~7d+ 7r
—
(13) q:
.
—.
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where ~ isthetipanglerequiredfora linearantisymmetricdistri- .—
butionwiththesamerollingmomentas thedistributioni’”interest.
Thissectionis concernedwiththecalculationf’?’d, Cld) cLe,
—
and Yr. Ifthevaluesof 7d and CZd areknowntheymay,of course,
be usedinsteadof thevaluespresentedherein.
Unit-rollingdistribution.-Theliftdistribution72 fora linear ‘–
antisymmetrictwistwithunitangleat thetipmaybe obtainedfrom
reference10 or 11 or from”therelation
,
where
k2 {
4F1+—+2
~2
(15)
—
isderivedinappendixA sndshownin figure2. Theunit-rollingdistri- ._
bution7d is equalto 72 dividedby thedamping-in-rollcoeffi-
—
cient C?,d.
Damping-in-rollcoefficient.-Thedamp’ing-in-rollcoefficientmay
be obtainedfromreference10 or 11 or,as inreference4,fromthe
relation
(16)
.-
. .
12
where k4 isa factordefined.by
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Fk4= , (17) “...
i
I-6 uFl+—
F2+4 .,
.
whichis-plottedinfigure2.
effectsonthelateralcenter
ThefactorK isa correctionfortaper
ofpressureintroducedinreference12and .
isequaltotwicethefactor
sionfor..-C2maybe obtained&omd
~L1
P
b/2
usediri””thatp per.Anotherexpres-
-...
themethodofthepresentpaper: —
(18) .
where Cl) C2,and C3 srethefactorsusedinequation(8)and I is
themomentof inertiaof thefunctionf CQefinedas
.
-— .
—-
(19)
Thevalueof I ISgiveninfigure6. Ifthewingdoesnothavea
lineartapertheexpression4.~l& y$+2dy+must-be
2 1 +3Atheterm - —.
31+X
A comparisonof
Jo c
equations(16) and(18)reveals
substituteti-far-.
.
thatthefactorK
/
21+3kcisequaltotheexpression- —31+X ~ -t-C2 +–IC3.
.
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?L,
ThetwotapercorrectionsK and ~ arecomparedinfigureT(a) —
b/2
l y~ ,
forunsweptwings(
Psincethecorrection— doesnot
.
)
b/2
wings andexcellentagreementisseento exist,except
~L!
applyto swept
forplan-form
—J?parameterslessthan6, forwhichthevaluesof — giveninrefer-
b/2 —
ence12aresomewhatuncertain.FigureT(b)showstheeffectof sweep
on thetapercorrectionfactorusedin equation(18).Thisfigure
serves to explainthestatementmadeinreference12thatexperimental
evidenceindicatesthattheeffectof
. likelytobe small,a statementwhich
thegreatdeviationof theadditional
FL1
Psweepon thefactor— is
b/2 ..
isdifficultto reconcilewith
liftdistributionsof swept
(particulsrlysweptforwsrd)wingsfromellipticalandalsoof their
.
linearantisymnetricliftdistributionsfromthatof an ellipticwing.
As maybe seenfromfigureT(b),however,thefactorK, whichistwice
Pthefactor— andisobtainedfromspanwiseliftdistributions,is
b/2
indeedsubstantiallyunaffectedby sweepforanglesof sweepbackbetween
0°andabout350,whicharetheonesforwhichmostoftheaforementioned
experimentalevidencewasobtained;however,forsweptforwardwingsand
forhighlysweptbackwings,sweepdoeshavetheexpectedeffecton K.
Inasmuchas thecorrectionof equation(18)permitsweeptobe
tslcenintoaccount,whereasthatof equation(16)doesnot,theuseof
equation(18)appearstobe preferableforsweptwings.Forunswept
wingsbothcorrectionsgivealmostidenticalresults.
Residualiftdistribution.-Theresidualiftdistributionmaybe
obtained,as showninappendixA, fromtherelation
yr = ‘Sc,d($- ae)yd (20)
..:——
—
.. ..— —
wheretheeffectivetipangle ~ isdefinedby
.
.
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or
andwherethefactork~ isdefinedby ‘
k3 . r64 ~Fl+—+9
(21)
(22)
,Anydiscontinuitiesntheangle-of-attackdistributionmustbe
fairedbeforethedistributionisusedinequation(20)or (21).A
convenientprocedureforfairingthisdistributionisto plotrthe
ratiou/fi overthespanandto fairit-&ssuggestedfordiscontinuous
symmetricdistributions.Thefaired istributionmaythenbeused
directlyinthesecondformof’equation(21).
ILLUSTRATIVEEXAMPLES
Themethodpresentedintheprecedingsectionshasbeenappliedto
thecalculationf liftdistributionsfora varietyof planformsin
orderto illustratec rtaintrendsaswell_as.tocomparetheresults
withthoseofothermethods. .-.
Additionalliftdistributionswerecalculatedforsixwingsof
differentplanformsinincompressibleflo~;Theresultsareshownin
figure8. Theaspectratios,anglesof.-sweepback,taperratios)ad
plan-formfactorsof thesewingsaregiven.intable1. In thecalcula-
tionoftheplan-formfactorsa sectionlift-curveslopeof 21rwas
assumed.Alsogivenintablel.are.theconstantsCl, C2,and C3>
whichweretakenfromfigure4. Theliftdistributionscalculatedby
themethodofreference13(with15pointsonthespan)and,intwo
cases,thelift-distributionscalculatedby themethodof referencel!t
(with126liftingpointsonthespan)area@o showninfigure8. There
isgoodagreementbetweentheapproximateliftdistributionsgiven‘by
themethodofthispaperandthosecalculatedby thetheoreticalmethods.
l
.


~
.
----

.-

.- 
=

.
.
w
-i
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Thelift-curveslopesandlateralcentersofpressureof theaddi-
tionalliftdistributionsofthesixwingplanformsconsideredin fig-
ure8 aregivenintable1,as calculatedfromequations(3)and(9)of
. thepresentpaperandas calculatedby themethodof reference13 (with
15pointsonthespan).Thevaluesof ~ requiredinequation(3)
forcalculatingC~ wereobtainedfromfigure2 andarealsoincluded
.
. .—
intable1. Again,thereisgoodagreementoftheapproximatevalues
of C% and ~ obtainedbythemethodofthispaperwiththetheo-
reticalvalues.
Alsocalculatedforplanforms1 and2 werebasicliftdistributions
dueto a unit arabolictwistanddueto a unitdeflectionofa half-
rsemispauflap %5 cosA = 1). Theresultsof thesecalculationsare
giveninfigures9 and10. Fortheparabolictwist G = y+2,equa-
tion(11)yields,in conjunctionwiththefunctions7aSW taken
. FCL
fromfigure8, a valueof Z Thefunctiona - ?i is shownby the
firstcurvein figures9(a)and10(a).Thevaluesof kl weretaken
.
fromfigure2 andare0.57and0.66forplanforms1 end2, respectively.
.
Thesevaluesof ~ and kl,theapproximatevaluesof C% givenin
table1,andtheadditionalliftdistributionsgiveninfigure8 were
usedinequation(10)to calculatethebasicliftdistributions()ccl7b=— (shownby thesecondcurvein figs.~b
Thebasicdistributionsgivenby thesecond
and10(a)andtheadditionaldistributionsgiven
9(a)and10(a)).
curveoffigures9(a)
infigure8 maybe
combinedwiththecalculatedvaluesof ZZ ad C~ t; givetheloading
forthecasewherethewinghaszero angle ofattackattherootandis
twistedparabolicallyso asto havea unitangleatthetip. Thiscase
isillustratedby thelastcurveof figures9(a)and10(a).Thesepar-
ticularesultsarecomparedwiththeliftdistributionswhichwouldbe
obtainedfromthemethodofreference13. Theagreementisbetterin
thiscaseforph” form1 thanforplanform2.
Fortheeffectivetwistdueto flaps,theangle-of-attackdistri-
butionsareshowninthefirstpartof figures9(b)and10(b).The
valuesof 75 forthefaired istributionwerecalculatedfromequa-
tion(11)andare0.26forplanform1 and0.2Tforplanform2. The
Cme %’aired- ~ wasusedinequation(10)to calculate-thebasic
. liftdistributions( howninthecenterpartoffigs.9(b)and10(b))
andthetotalMft distributions( hownintherightpartoffigs.9(b)
and10(b))as fortheparabolic-twistcase. Thevaluesof C
.
~ and kl
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—
usedtocalculatethebasicliftduetoparabolictwistwerealsoused
inthiscase. Theliftdistributioncalcuiat-edbjthe methodof refer-
ence13with15pointsonthespan(acorrectionforthediscontinuity
inthesngle-of-attackdistributionwasincluded)is comparedwiththe
liftdistributioncalculatedby themethodoft-hispaper.Again,
betteragreementoftheapproximatewiththetheoreticaldistribution‘;
isobtainedforplanform1 thanforplanform2. .-.:-. .-.
Inarderto illustratehetreatmentof antisymmetricangle-of-–-
. —-_
=
—
-i
,s :
—
.—
“
attackdistributions,calculationshavebeenmadefor-p-lanform2 of
antisymmetricliftdistributionsduetoa linearsntisymnetrti_twist
(dampinginr;ll)anddueto-aunitdeflectionfhalf-semispanout-
boardailerons(’%8 COSA = 1). Forthelinear-twistcasethedistri-
bution72 wascalculatedfromequation(1~),with ~ =0.80 obtained
fromfigure2. Thecoefficientofdampinginroll C2 = 0.33 wasthen
d
calculatedfromequation(18),inwhichthevaluesk4 = 0.63 obtained
-.-
fromfigure2 snd I = 1.15 obtainedfromfigure”6wereused. Theunit-
rollingdistribut-imnwasthenobtainedbydividing72 by thisvalue
of Cld. Thedistributionisshowninfiguren(a). Alsoshowninfig-
ure.ll(a)istheunit-rollingdistributioncalculatedby themethodof
reference13. T’hecoefficientofdampinginroll~alculatedby that
methodis Cld= 0.38.Theunit-rollingdistributiona dthecoefficient
..-
of dampinginrollobtainedby theapproximatem thodof thepresent
paperandby thetheoreticalmethodof re-ce 13“areingoodagreement”:
-. —
--
tion
span
from
Theftmctiona/y+ fortheaileron-typeangle-of-attackdistribu-
isshownatthetopof figuren(b);thefairingextends0.3semi-
oneithersideofthediscontinuity.——_Thevalueof ~ “wasobtained
thesecondformofequation(21),withthe-approximatelycalculated
.
cc~
f~ction ~d~— giveninfiguren(a),andis Ue = 1,12.The
ZcZd
M ““-
valueof ks w= obtainedfromfigure2 andis k3 = 0.68. Withthese
valuesfor k3 and ~, thefunctionYd givenInfiguren(a),the
previouslycalculatedvalueof Cl=,andthefairedfunctiona/~()giveninfiguren(b),theresidua~liftdistributionYrs & wasCr
calculatedfromequation(20) andisshowqinthemiddlepofiionoffig-
uren(b). Theliftdistribut-iondueto titlerondeflectionwasthen
calculatedfromequation(13)andis sho~—”inthebotto’mpafiof fig-
.—
ure11(%).Alsogivenistheliftdistributioncalculatedby themethod
ofreference13with15pointsonthespa~andwitha correctionforthe
discontinuityinthesngleofattack.”Th~~-woliftdistributionsarein
goodagreement.
-.
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DISCUSSION
.
Inasmuchas experimentaldeterminationfpressuredistributions
isa verytediousprocess,completeinformationconcerningthespsnwise
liftandmomentdistributionscorrespondingto allangle-of-attackcon-
ditionsisrarelyavailable.Hence,analyticalmethgdsforcalculating
thesedistributionsareusedalmostuniversallyindesigningairplanes.
Mostofthesemethodsaretheoretical(forinstance,forsubsonicspeeds
seerefs.9 and13tO 16). Thereliabilityof thesemethodsiswell
established;forwingswithoutfuselage,nacelles,tiptanks,or
externalstores,theygenerallyfurnishverygoodapproximationstothe
truedistributions,providedtheangleofattack,airfoilthickness,
andMachnumberarenottoolarge.However,mostof themarerelatively
timeconsuming.Inorderto overcomethisdeficiency,calculationsfor
manyplanformshavebeenmadeby someofthesetheoreticalmethods
(refs.7, 10,and11,forinstance),sothatno furthercalculations
needbemadefortheangle-of-attackconditionsconsideredinthesecal-
culations.Anotherwayof avoidingthetediouscalculationsrequired
forthetheoreticalmethodsistouseempiricalmethodsuchasthose
of references1 to 5, aswellasthatof thepresentpaper,whichcon-
sistsina combinationf thesemethods.
Comparedwiththetheoreticalmethods,an empiricalmethodfor
calculatingliftdistributionshasthedisadvantageof beingless
accurateontheaverage,althoughtheaccuracyof theresultsofthe
empiricalmethodisoftenadequate.Anotherdisadvantageof empirical
methodsas comparedwiththeoreticalmethodsisthefollowing:Once
theaccuracyof a theoreticalmethodhasbeenestablished%y comparison
withknownresultsina fewcases,confidencecanbe placedinthe
resultsof thismethodforwidelydifferentcases.Whenan empirical
methodisused,thedegreeof confidencethatcanbe placedinits
resultsfor cases widelydifferentfromthoseforwhichitsaccuracy
hasbeenestablishedisnotnearlysohigh. As faras themethodOr
thepresentpaperisconcerned,thisli@tationimpliesthatforthe
purposeof calculatinglift-curveslopesandadditionalliftdistribu-
tionsthemethodisrestrictedtoplanformswithnearlystraight
quarter-chordlinesandeffectiveanglesof sweepbackwhicharenot
greaterthan,say600. However,iftheseaerodynamiccharacteristics
havebeenobtainedexperimentallyorby meansof accuratetheoretical
methods,otherliftdistributionsandaerodynamicparameterscanbe
calculatedby thismethodfora muchwidervarietyofplanformsby
usingtheknownlift-curveslopesndadditionalliftdistribution;also,
theaccuracyofthefinalresultscanbe improvedinthismannerover
thatattainableby startingoutwithvaluesof thelift-curveslope
andadditionalliftdistributionbtainedby themethodofthispaper.
.-
-.
—
-.
—
—.
.
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—
ThematrixschemeOF appendixB andthemethodforcalculatingthe
chordwisecenterofpressuregiveninappendixC makethemethodof’this
paperreadilyapplicabletotheaeroelasti~_~alysisofreference18.
—
Forwingswithstraightquarter-chordMnes,moderateanglesof
sweepback,andmoderateaspectratiostheliftdistributionscalculated
by themethodofthepresentpaperhavebeencomparedwiththosecal-
culatedby theoreticalmethods,incofiecti&iw ththeillustrative
examples.Theagreementbetweentheliftdistributionsandassociated
aerodynamicpara&terscalculatedby themethodofthepresent–paper
andthosecalculatedby theoreticalmethodshasbeennotedtobe good.
Inasmuchastheapproximatem thodof-this.paperisbasedon lifting-
linereasoning,andinasmuchas lift-ing-lirietheoryisvalidonlyfor
wingsof highaspectratio,a comparisonoftheresultEoftheapproxi-
.
.
.-
mate
very
such
have
methodwithresultsobtainedbymorerigoroustheoryforwingsof
lowaspectratiomaybe of interest.Theliftdistributionsfor
wingscanbe obtainedfromreference15, providedthewingsdonot
reentranttrailingedges. _-
Fora wingofverylowaspectratioandwitha parabolictwist
~ . @2; thus 7a= ~~~z, C~ = ~ A~”-andkl“=3 (seefig.2)* ‘>
also,~, asobtainedfromequation(11),is1/4. Hence,fromequa-
tions(10)and(2),
7b = 2+*2-;)F=
and
=A
(
~sine+ ~ stn396. ) -.
(wherecos9 = y+),whichisalsotheresultgiven,intablelof ref-
erence15. Thatthisperfectagreementofthetworesultsisfortuitous
maybe seenfromthefactthat-fora linem symmetrictwist u = IY*],
.
*
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and
=:++;)-==
whereas,accordingto reference15,
7=: [
co.% log tan(; + :) + sin Ej
m.
.
“forthiscase.Thetwo
“
,ingoodagreement.
Thecoefficientof
ratiocanbe obtained
andequation(17)the
equalto F/8 as F
areO andthefactor
definitionof F,
as giveninreference
19
difitributionsareshe%.infigure12(a)andare
dampinginrollof a wingofverylowaspect
— —
approximatelyfrom
factork4 maybe
approachesO;for
C2 is1 (seefig.
Cld=$A
equation(18).‘Fromfi-&e 2
seentobe asymptotically
F= O thefactorsCl and C3
4),sothatas a resultofthe
15. Thefactork2 = 0.5 for F = O, sothat
_. —
as giveninreference15.
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Theunit-rol.limgdistributionf-awingofverylowaspectratio_ —
isthen =
727~=—
Cld
.
—
—,=
..
andthefactork3 iS2/2. Fora parabolicantisynmetrictwist;
a=F2 ontherightwingand a = -y~ ontheleftwing.Theeffec- —.
tivetipangleis ae 32= —, andtheresidualiftdistributionthe
15X
rightwingis >1
—. .——
.“
sothat–theliftdistributiontheright-wingis
=A
(
8~ sin.tl+ — sin26 +
1511 ~ sin3e)
whereas,accordingtureference15,
[
43
7 =A—3Yt ()coselogtan~+~ +2 14 2 3fl‘in20
.
forthiscase.Thesetwodistributionsareshowninfigure12(b)and
areingoodagreement. .
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Forthecubicantisymmetrictwist a = y+3,theapproximatem thod
ofthepresentpaperhappensto givethesameresultas reference15:
7 (
=A1T sin2@+~sin4@16 )
Ingeneral,therefore,themethodof thepresentpapergivesresults
forwingsofverylowaspectratiowhich.areinexcellentagreementwith
theresultsfurnishedby low-aspect-ratioheory.
Themethodof thispaperhascertainadvantagesovertheoretical
methodsapartfromthefactthatthetimerequiredforan analysisby
theempiricalmethodisonlya fractionof thetimerequiredforan
analysisby meansof oneofthetheoreticalmethodsandisindeedcom-
parableto thetimerequiredto obtaina desiredliftdistributionby
interpolatingbetweenthosefurnishedinreferences7, 10,and11. The
methodofthepresentpaperisratherflexible,sothatitmaybe used
. in somecaseswherepresentheoreticalmethodsareinapplicable.For
instance,inthecaseof a wingwitha fuselage,nacelle,ortiptank,
neitherthemethodof thispapernoranygenerallyavailabletheoretical
methodcangivethelift-curveslopeor theadditionalliftdistribution.
However,ifthisinformationhasbeenobtainedexperimentally,themethod
of thispapercangivetheliftdistributionforamysymmetricor anti-
symmetrictwistwithan accuracysufficientformanypurposes.(Ifthe
winglift-curveslopeisdifferentfromthelift-curveslopef,orthewing
alone,thefactorskl) k2j k3,and k4 canbe obtainedforthevalue
of theplan-formparameterwhichcorrespondstothegivenlift-curve
sloperatherthanforthevalueofthetrueplan-formparameter.)
Anotheradvantageoftheempiricalmethodoversometheoretical
methodsistheeasewithwhichitlendsitselftothecalculationf
aerodynamicnfluencecoefficients,whicharerequiredinan aeroelastic
analysis.(SeeappendixB.) Also,fora wingintransonicflowthe
theoreticalmethodsusedwithlinearized-theorycorrectionsforcom-
pressibilityeffectstendto giveunsatisfactoryresults,aspointed
outinreference6. Theempiricalmethodof thepresentpaper,however,
iscapableoffurnishingusefulresultsincertaincasesoftransonic
flowbecauseit isbasedon an interpretationofthethree-dimensional
Glauert-Prandtlru ewhichpermitstheuseofknawnsectioncharacter-
isticsandreconcilesthatrulewithsimplesweeptheory.(Seeref.4.)
Forunsweptwingsof lowaspectratioandforsweptbackwingswhichare
slenderinthesenseofreference9,thatis,wingswhichhavea small
. I
valueof Ail- Mz,equation3 haabeenfoundto yielda goodapproxi-
mationtotheobservedvaluesofthelift-curveslopeinsomeinstances
.
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—
-—_
— ..-_
of trans~nicflowupto and%eyonda Machnumberof 1,providedthe
wingshavethinsectionsandar>a-tlowanglesofattack. .-
—
CONCLUDINGREMARKS
—
.
A relativelysimplemethcdof calculatingspanwiseliftdistribu-
tionsforanyangle-of-attackconditionhasbeenderivedby combining
.—-
andextendingseveralprevioustheoret-icalmethods.Themethodissuch
thattheworkcanbe shortenedandtheresu-ltsimprovedatvariousstages
ofthecomputationsby introducingexperimentalortheoreticalvaluesof
certainaerodynamicparameterswheneverthe-yareavailable.Inaddition,
themethodlendsitselfreadilytoformulationftheload-distribution
problem”lntermsofaerodynamicnfluencecoefficients. “
Theresultsobtainedbythepresent~thod comparefavorablywith
thoseobtainedby moretime-consumingthed?ies. ___
LangleyAeronauticalL boratory
.
NationalAdviso~CommitteeforAerotiutics
LangleyFieid,Va.j~Y l)195~- ----
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APPENDIXA
DERIVATIONOFTHEMETHOD
AdditionalLiftDistribution
Inthemethodof reference1 theadditionalliftdistribution78
forunsweptwingsisgivenby theaverageofthewingplanformandan
ellipseofequalarea,sothat
(Al)
The
.
correspondingrelationforsweptwingsisgiveninreference2 as
()lcmo+fYa‘52=.= (A2)
—
—
where ~ and ‘~ are,inthenotationofreference2,thesectionlift-
.—
curveslopeandtheaveragesectionlift-curv=slope,respectively,and
where f isa functionof y* whichisdifferentforeachsweep.This
functionf fulfillsa purposesimilartothatofthefunctionf used
inthepresentpaperbutdiffersfromitnumerically.
Thatbothoftheserelationsareinapplicabletowingsofeither
veryhighorverylowaspectratiomaybe seenfromthefactthatfor
veryhighaspectratiostheadditionalliftdistributionisequalto
thechorddistributionc/F,whereasforverylowaspectratiosit is
—
definedby theellipse$~G2 (seerefs.8 and15),providedthe —
wingdoesnothavea reentranttrailingedge. Consequently,to cover
theentirerangeof aspectratiostheequationfortheadditionallift
distributionshouldhavetermswhichinvolvethechordandtheellipse
anda functionwhichvarieswithsweep;theextenttowhicheachof these
threefunctionsentersintotheliftdistributionshouldvarywithaspect
ratio.Consequently,thefollowingrelationsuggestsitself:
.
Ya =C1:+C2$
c R+ c,’.
(A3)
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.
where f isa newfunct.ionwhichvarieswithsweepandisgiveninfig- .
ure3, andwherethe Cls varywithaspectratiojinsucha waythat Cl .-
.-..—
is1 forinfiniteaspectratio,!2 kis1 forzeroaspectratio,andthe—” -
sumof allthree C’s isalways1. A set..of-C1sobtainedby analyzing‘- ‘“an
theresultsofthecalculationsby themet—hodofreference3 fora large —-+=
varietyofplan.fo~ ispresentedinfigfie4. Theplan-foimparameter .
F ‘~ (proposedipref.--”
-.-.—...G__. ..-__
4)waschosenastheabscissa””rather@an =
.
theaspectrati~properinordertotakes~eepandcompressibilityeffects--
intoaccountina reamersimilartothat~hployedirireference4 for-the -
winglift-curveslope.
Ingeneral,equation(A3)maybe expe~tedtoapplytomostpractical
pla~formswithnearlystraightquarter-chordlines,excepthosewith
verylargeeffectiveanglesof-sweepback.Ae,and-tofurnishmoreaccurate‘
resultsthandotheapproximat=formulasof references1 and2, inasmuch‘-
asequation(A3),unlikethoseformulas,takesaspectratiointoaccount;
Wingswithverylargeanglesof sweepbackcanbe analyzedby slender-
wingtheory.(Seerefs.9 and16.) The~ypeofwingsanalyzedinref-
erence9 ischaracterizedby a constantchordwhichisfilletedgenerously
atthetrailingedgetotheextenthat-therootchordis st/2timesthe
chordfarawayfromtheroot.Asmaybe‘deduced,fromreference9,this
wingcanbe dividedintothreeregionsinthemannerindicatedinfig-
ure5. Thepressuredistributioni theQartoftherootregionforward
oftheapexof-thetrailingedgeisthes.&eas“itwouldbe ifthewing
consistedofthatpartoftheroot-region_:only,andthereforeitcanbe
obtainedfromthedelta-w@gtheory(ref.8). The”spa-riwiseliftdistri-
butionisconstantandequalinmsgnitud&-”totha&inthetwo-dimensional
region.Inthetwo-dimensionalregionthechordwisepressuredistribu-
tionisthesameas intwo-dimensionaQow;t~espanwiseliftdistri----
butionisconstmt-ndis givenby ‘-
Inthetipregionthepressureis zerobehindtheleadingedgeofthe
tipchord,andthespanwiseliftdistributiondropsoffto zeroifian
approximatelyellipticfashion.Foranunfilletedwingtheliftne~r
therootmustbe less;ifitisassumed””tohe proportionalto thechord,
theliftattherootis 2/fitimesthe~~fttithe two-dimensional
——
region. ——
.
----
As showninreference9,thelift-curveslopedependsontheparam-
—
eter A/cotA, whichforlargeanglesof..~weepiSapproximatelyequal_ ~“ ‘~
-.—
.
—
—
.
“-:
n_=
J---
.
—.
—
—..
._
—.
~=
-.
--
M WA @l/,2,1gfL
to A/cosA. Tw.%YR.lW%z’@Jl&UrLrLm
formparameterF,becausefora wing
—
25
w3xm@’aw ‘a@aI”+tfiViak!I’@&TF:-)
witha largeangleof sweepback
theflowinplanesperpendiculartotheleadingedgeisalmostincom-
.. pressibleatallsubsonicspeeds,sathatthesectionlift-curveslope
,t$j’approximately2fi.Theva@&@n Of=~ with A/cotA givenin
figure7 ofreference9 istherefore‘&roducedinfigure2 of the.
presentpaperas a variationof ~’ with F, where ~’ represents
f
,:tihe:ratio:zfl~r>a~bfilfi~s~arsle~~fi:ql%n~“fi~.~fi~dfl~flo~sg~‘*”T -
-;:.~n~s~:ts-lo-.is[%yngm’tnoitw~irstaibtlilaf~YYCMY miJ-@ti211OJ -
i10~tEj1319tf3@ r19vl~ain.::hdiz~
BasicLiftDistribution
Inreferencel.thebasiclif<~istributionYb iSgivenasOne- ..
ha~ ofthestrip-theoryvak@,-c@~nSo= y
.
—
.
—-
—
.--F.E
.
=
___
—
(A5) _
—
.._—
(A6)
Bothresultswer&bb%Ve5fhk&”~~%’~&e~~e’m!&&%!@&syi~~%+e?>~i+‘*
ence17,however,indicatesthepossibilityofa morerationalapproach,
inthatitprovesby lifting-linetheorythatan averageangleof
attackZ definedby
-.,.,- , ,--J3
.,,.
. 1
(A7)
.=
—
—
.
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canbe obtainedforanysymmetrictwistdistributionfrom
.-
(A8)
Thereasoningbehindthisequationissomewhatasfollows:According
to lifting-linetheorytheliftdistributionforanyangle-of-attackdis-
tributionisgivenby therelation
Y=
andthedistributionfora unit
%+(a-d
angleofattack
(A9)
acrossthespanby
.
—
.
(A1O)
where ai and ail aretheinducedanglesof attackappropriateo
theliftdistributionsY and 71,respectively.-Theseequationsmay
be combinedtoyield
7 = 71a
sothattheliftcoefficientfor
.
11= ylady*o
(+ 7ail- Ylai)
thegiventwistis
.
1
+
J( Yail )- Ylaidy+o
(All)
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Thesecondintegralmaybe showntobe zeroby setting
-.
Y=
?i-
an sinnL3
(where(3s Cos-ly+)sothat,by lifting-linetheory,
.
z sinneai=—1 &l nanlsine
Thenboththeintegralof yail andthatof 2’laiareequalto
2-(E ‘ananlforallsymmetricangle-of-attackdistributions,soxl
thatthekcdifferenceiszero. Consequently,
andsincetheadditionalliftdistributionmay
by itsliftcoefficient(whichis C&, since
liftdistribution)equation(A8)followsfromequation(A12).
be obtainedby
a = 1 forthe
(A12)
dividing71
additional
Theprecedingdevelopmentsuggestsanequationforthebasiclift
distributioni theformofequation(A6),exceptthatthefactorc/5
mustbe replacedwith CC71FCLinorderthatthetotalliftofthe
(A13) ““-
.
where kl isa constantwhichdependsont~eplan-formparameterF
andtakestheplaceofthef@ctQu,j...”<n”~uationion(J 6)-..— .-i ---.-
Thevalueof kl hasbeenderivedin.reference~ by meansof series
..—.
expansions.Inthederivationofreference3 itwasrequiredthatthe ‘“--
liftsandrolltigm~-a,.of!ti&imffifi%tiY~bbti%w&tv~.@re_q&tiw:(.A13)
be equaltothevaluesgivenby lifting-linetheory.Inthefoll~wing
paragraphsthes~e resultisobtainedina slightlydifferentmanner
whichfacilitatestheextnsionoftheme rodto antisyninetriclift--1$.nff~a ---distributions.“
— #fIQ flia I~ m“= ~a
Inasmuchasthevaluesofthelift-curveslopeanddampinginroll
asgiveninreferencesh-and12arebasedQh lifting-lfier sultsfor
ellipticwings,a reasonablevaluefor kl”shouldbe obtainablethrough
analysisofellipticwin~f?~%b~~h~in$s~ lk&ting-linetheorypre- _
dietsa liftdistributionsflia ~ A-_ LL
“-
——
.
.
.-
—-
.
.-_.,
-,-
.
.*
——-
-’*
.-
(SIA)
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Fora symmetricangle-of-attackdistribution,onlyoddvaluesof n
areheededinequation(Alk).Theliftcoefficientisthengivenby
(A16)
Sincetheliftistobe zeroforthebasiclift
termoftheseriesmustbe omitted,sothatfor
firsttermoftheseriesisthatforwhich n =
constantangleofattack,however,bl =a and
zero,sothat
8TIAyl =
—asine
A+2q
distribution,thefirst
thesymmetriccasethe
3. Forthecaseof
allotherb’s are
(A17)
(A18)
.
...
and
Ya
4
=Xsine (A19)
*
Consequently,substitutingequations(A15),(A18),and(A19)int~
equation(A13)gives
sinceZ = bl. Thisdistributionshouldbe thesameasthatgiven
equation(A14)(startingwiththeterm n = 3). Clearly,novalue
“ of kl cansatisfythisconditionexactly.Iftheftisttermsin
. .-..—.——
(A20)
by
the
twoseriesaresetequal,however,theotherswillnotdiffermuch;
. furthermore,sincethefirsttermisusuallymuchlargerthantheothers,
theliftdistributionswillgenerallybe almostidenticalifthefirst
.-
.
30
termsof
kl must
whichis
there q
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.
theseriesareequal.Inorderto satisfythatcondition,
be takenas
kl = A+2?l
Ai-67L”
identicalto
wasassumed
theresultobtainedin.
tobe 1. —
/.
(A21) -
—
.
reference3,exceptthat
.
A lifting-surfacendsweepcorrectionfor kl maybe deducedin
themanneremployedforthedamping-in-roll.coefficientinreferences4
and12.-If’theproductklC% thatoccursinequation(A13)isobtained
.-
fromequattins(A18)and(A21)andwrittenintheform
.-
A/3klc~.=A— cja
-+q3
a correctionidenticalto thatfor C& butbasedonone-thirdthe
aspect–ratiosuggestsitself.Consequentlyluponintroducingthesweep
andlifting-surfacecorrectionsinthisequ6tionanddividingby C~,
thefoltiwingrelationisobtained:
‘i’+4(%-Y+27Cos’kl= “,, ‘
r
Thisfactorisplottedinfigure2 againstheplan-formparameter
F A~ — .
TIcosA
Lift–DistributionnRoll
(A22)
Ifanequationsimilar‘coequatim(A13)isappliedto a linear
antisynmnetricangle-of=attackdistribution-”-withunit-valueatthe
tip(a= p), therelation
.
-—
>—.
.
.
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72
= ‘Zcbpya
(A23)
-.
isobtained.A factork2
—
isusedratherthan kl becauseofthedif- ‘
ferentnatureoftheinductioneffectsforthesymmetricandantisym-
.
—
metriccsses.,Thedesiredvalueof k2 maybe obtainedfromthelift
distributionfellipticwings,asfollows:
Fortheangle-of-attackdistributioni thiscase,equation(A15)
yieldsb2 = $ andallother
yields
72 =
whereasequation(A23)yields,
.
and(A19),
b’s arezero.Hence,equation(A14)
aftersubstitutionfequations(A18)
A 472 = k2Cz —- sin0 coseaA+2q~
. .
-——
Thedesiredvaluesof k2 ~y be ~btainedby equatingthesetwoexpres-
sionsfor 72: {
A+~k2=—
A+47 (A24)
Thisvalue,also,isidenticaltothatobtainedinreference3 for TI= 1.
Itmaybe correctedfor
manneras kljsothat
lifting-surfacendsweepeffectsinthesame
k2 = (A25)
Thisfactorisalsoplottedinfigure2 againstheplan-formparameterF.
.
32 NACATN2751
By calculatingthe
equation(A23),a value
maybe o%tained:
Damping-in-RollC~efficient
rollingmomentoftheliftdistributiongivenby
forthedamping-in-rollcoefficientCld(=“lp) “
1’1Cld S:C2U COS A k$o YaP*w
-, 0
.
.
(J@6) –
Theproduct’ofthe’$actorsk2 and ~ i~referredto asthefactork~
-..
inthefollowingderivation. -- —-
Ifequation(A3)issubstitutedintoequation(A26),thedamping
coefficientmaybewrittenas -. ..
..
Cld=~cza
(
21+lLCl+c2+IC3cosAk4-—3 1 +–L.
.) (A27)
where h isthetaperra~ojwhere I is_definedby
—.
-., I 1.,. 1“=”4- fy*2dy* (A28) ‘--0
andisplottedinfigure6(b),andwheretheexpression
-.
J’14 & y*2d~OC —.—
21+3kf
mustbe-substitutedfortheterm —31+L orwingswhichdonotihsve
lineartaper.Thevalueof C~d givenby..equation(A27)containsa —
correctionfortaper(the Cl term)anda-correctionfortheeffect ‘- .~
-.
of sweeponthespanwiseliftDistribution(the C3 term).
.-
.
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Antisymmetric
33
LiftDistributions
Inasmuchasequation(A23)hasbeenderivedspecificallyforlinear
antisymmetricangle-of-attackdistributions,itmaynotyieldaccurate
resultswhenappliedto otherantisymmetricangle-of-attackdistribu-
tions,as isdoneinreference3. Thederivationoftheequationsfor
symmetricliftdistribution,inthisappendixsuggestsa parallelderiva-
tionforantisymnetricdistributionswhichhasas itsstartingpoint
nottherelationgiveninreference17,butratheritsanalogforanti-
symmetricliftdistributions.Theresultingequationsforsntisymmetric
liftdistributionsarenotassimpleas equation(A23)- theyimplya
separationoftheliftdistributioni toa damping-in-rollanda
residualiftdistributiona alogoustotheadditionalandbasiclift
distributionsinthesy?muetric
widervarietyof antisymmetric
themethodofreference3.
Accordingto lifting-line
case(a= y++),
case- buttheyareapplicableto a
angle-of-attackdistributionsthanis
theoryappliedtothelinearantisymmetric
(A29)
where ai2 istheinducedangleof attackcorrespondingtothedistri-
bution72. Combiaingthisequationwithequation(A9)foranyarbitrary
liftdistribution@.eldstherelation
The
may
rolling-moment
be writtenas
.—
-.
(7Y+ = 72a+ 7q2 - 7Pi.) (A30)
coefficientof anyantiayrmnetricl ftdistribution7
—
sothat,fromequation(A30),
(A31)
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.-
By reasoningsimilartothatemployedinconnectionwithequation(All)
thesecondintegralmaybe showntobeequalto zeroforanyantisym-
metric7 distribution,sothat
—
A damping-in-roll
ficientmaybe defined
tributionas
distributionYd for
ina manneranslogo~
?’2)’d=— ---
Czd
+
—
(A32)
.
unitrolling-momentcoef-
—.
totheadditionalliftdis-
..
.
—-
sinceCld istherolling-momentcoefficientofthe 72 distribution.
An effectiveangleofattack%, whichis-theangleofattackatthe *
tipofa linearantisymmetricdistributionwiththesamerollingmoment
asthatofthegi-nnantisy?mnetricdistribution7, maythenbe defined
.-
as
(!2
Ue=—Cid ‘- .
or
(A33) .“.- .-
.
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Theanalogofthebasicliftdistribution(whichaszerolift)in
thecaseof an antisymmetricdistributionistheresidualiftdistri-
bution7r,whichhaszerorollingmoment.Equationa(A13)and(A32)
thensuggestheformforthisdistribution:
()a7r = ‘3CldY*—- ae 7d (A34)
Therollingmomentof 7r isthenzero,as
Thefactork3 mayagainbe evaluated
ellipticwingsby lifting-linetheory.For
required.
throughananalysisof
theantisymmetriccase,only
evenvaluesof n arecontainedintheseriesofequation(A14).Fur-
thermore,since ~
..
.
. ,“
‘A ‘-’ .’-cl=”:” ~v—828? b2”
A+4q
thenfor Yr thetermwith n = 2 mustbe zero,andtheseriesmust
beginwiththeterm n = 4. Butforanellipticwing
Yd=:sin2EI
_——..—
(A36)
—.
(A37)
and
ae = 2b2
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sothati-equat-ion(A34)becomes
()A\a _.2b2~7r=k3$cza~+4Ty* sin2011
or,asa result–ofequation(A1.5),
.——
-L.,
.—
.
(A38)
0.
—
Thevaluesof Yr givenby equations(A38)and(Alh)cannot--beexactly
equalforallantisynnuetri.cangle-of-attackconditions,.,butifthefirst -.
termoftheseries(whichiausuallymuchlargerthanallothers)ismade ‘“
thesameforboth,theotherswillbe approximatelyequal.Hence k3
musthavethevalue .
—
k3 . A+47
A+8q
(A39) . .
which,by thesamereasoningasthatfor kl,maybe correctedfor
lifting-surface,sweep,
k3 =
andcompressibilityeffectsby setting
‘m+’~cos’ “- “-:-(A’O)
~’
A~lLt_64fcjsAy+ 8qcosA ---
Thisfactorisplottedinfigure2 againstheplan-formparameterF.
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APPENDIXB
—
CALCULATIONFAERODYNAMICNFLUENCECOEFFICIENTS
Aerodynamicnfluencecoefficientsareusefulinmethodsof static
aeroelasticanalysis,particularlythoseemployingmatrices,suchas
thatofreference18. Theseinfluencecoefficientsmaybe considered
to representthelift(indimensionlessform)atonepointofthespan
dueto a unitangleofattackatanotherpoint.Suchinfluencecoef-
ficientscanbe obtainedby meansof someofthetheoreticalmethods
by calculatingtheliftdistributionscorrespondingto angle-of-attack
distributionswhicharezeroeverywhereonthespanexceptfor onepoint,
atwhichtheyareinfiniteinsucha waythattheareaundertheangle-
of-attackdistributionis zero. However,suchliftdistributionsare
difficultto calculate,andtheymaybe obtainedatpointsalongthe
spanwhichareinconvenientforan aeroelasticanalysis.
Theinfluencecoefficientsobtainedby theprocedureof references
.
arebasedonthemethodof calculatingspanwiseliftdistributionpre-
sentedinreference2. Individuallytheseempirical”coefficientsdo
nothaveanysignificance,as dothecoefficientsdescribedinthepre-
cedingparagraph,butwhenmultipliedby thevaluesoftheangleof
attackat severalpointsonthespanandsummed,theydoyieldthelift
at a pointonthespaninthesamemannerastheotherinfluencecoef-
ficients.Apartfromthefactthattheycanbe calculatedmoresimply
andforanypointsonthespanforwhicha setof integratingfactors
canbe calculated,theempiricalinfluencecoefficientshavethesame
advantagesanddisadvantagesincomparisonwiththetheoreticalcoef-
ficientsasdoempiricalmethodsin comparisonwiththeoreticalmethods.
Inthisappendixa procedureisoutlinedforcalculatinginfluence
coefficientsina mannerwhichissimilarto thatemployedinrefer-
ence~,butwhichisbasedonthemethodof calculatingliftdistribu-
tionsgiveninthepresentpaperratherthanthatofreference2. In
essencetheprocedurepresentedinthisappendixconsistsinformulating
thismethodof calculatingliftdistributionsinmatrixnotationby using
integratingmatricesofthetypepresentedinreference18. Compared
withinfluencecoefficientscalculatedbytheprocedureofreference5,
theonescalculatedby theprocedurepresentedinthisappendixhavethe
advantagesof greateraccuracyandwiderapplicability,becausethe
methodof calculatingspanwiseliftdistributionspresentedherein,on
whichthecoefficientsarebased,hastheseadvantagesoverearlier
methods.Theinfluencecoefficientsgivenby theprocedureofrefer-
.
ence5 areapplicableonlyto symnetricloadingsandwingsofmoderate
aspectratio,whereasthosegivenby theprocedureofthepresentpaper
..
..-
—
.-
—
—.
.——
—
. .
.
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arenotsubjecto eitheroftheserestrictions.Theyshould,there-
fore,be usefulformostpurposesforwhichaerodynamicnfluencecoef-
—
ficientsarerequired. .—
.
Thematrixnotationusedhereinisthe.sameasthatusedin
reference18.
.
Equations(2)and(10)
v = f!.
SymmetricCase
maybe combinedto yield
(( )- kl&7a + k1u7a, “%. 1 )
or,inmatrixnotation,
.
{7}=%+-‘Jhs{’}+‘M+}}
.
.
(Bl)
{}where 7 isa column
severalstationsonthe
ofthevaluesof a at
elementmallequalto E, and ~7a~ isa diagonalmatrixthenonzero
elementsofiwhicharethevaluesof 7a atthesamestations.
L
matrixwhichconsistsofthevaluesof 7 at-
{>wing, a isa columnmatrixwhichconsists
{}thosestations,?i isa columnmatrixof
Theintegrationi dicatedby equation(11)maybe writt-eni
matrixformas .
.
where H isdefinedby
w/b
H=
J
78~
o
(B2)
(B3) -
.
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andmaybe evaluatedwithsufficientaccuracyforthepresentpurpose
fromtherelation
H=~
(
()~b Ya ()+4yaY-&o () )Y+=~+ ‘aY+=:
andwhere LI~ isanintegratingmatrix.Asdescribedinreference18,
a suitableintegratingmatrixmqybe obtainedby approximatingtheinte-
grand(thefunction~Ya)by parabolicsegments.Inviewofthefact
that ~a goesto zerowithinfiniteslopea specialtypeofparabola
hastobe used,forinstance,onewhichconsistsof a linearcombina-
tionofthe1/2powerand3/2power
thisapproximationto thecurveof
stationsatthewingrootandevery
roottothewingtip,forinstance,
ofthedistancefromthetip. With
a7ajtheintegratingmatrixfor
sixthofthedistancefromthewing
maybewrittenas
~$ =~.05556, 0.20833,0.15278,0.16667,0.14913,0.22500,0] (B4)
Root TiP
Equation(B2)canbe mittenas
wheretherowmatrix LI1~L7al isobtainedby calculatingtherow
matrix~ LI~~al andaddingH to itsfirstelement.A square
matrixLIJl_7J canthenbe constructedwhichconsistsofrowsall
equalto plJki--l. Withthissquarematrti,equations(Bl)and(B2)
canbe combinedandwrittenas
-.
—
40 — NACATN 2751
.
or
(B5)
where LI~ istheunitmatrix,andwherethematrix[Q.] definedby
[Qs]‘ LY~~’ - kl)[II]~~al+ klL+ll (B6)
is,ineffect;anaerod~amic-influence-c=fficientmatrixforsymmetric
liftdistributions. .7
Inthesematricesthevaluesof Y, _Yajand a arealltakenat
thesamesetof ~tations,andtheintegratfigmatrixmustbe setup for
thesamestations.Stationatthewingrootandeverysixthof the
distancefromthewingroottothewingt+}(but%xcludingthewingtap -“-
proper,where Ya is zerounlesstiptanksorendplatesarepresent”}
havebeenfoundconvenientformanypurposes.Forthesestations
.—
I* = O,0.1667,0.3333,0.5000,0.6667,0.8333
where 7* istheratioofthelat~raldia~anceofthegivenstation
fromthewingroottothelength~. Theintegratingmatrixgiven2
by equation(B4)maybe usedforthesestations.Thelastelement,0,
ofthematrixofequation(B4)canbe disregarded.
t ion
same
AntisymmetricCase
Theantisymmetricliftdistributionuaybe obtainedfroma combiZna-
ofequations(13),(20),and(21)byuseofmatrixmethodsinthe
manneras inthesymmetriccaae.Theresult%s
11 {}~a
.
—-
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._,
.
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.
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_-—
-. .
—
=.
-. .
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—..
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.
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or
.
.
where
(B9)
isan aerodmtic-influence-coefficientmatrixforantis=tric lift
distributions.The~trix ~
111pdq iSa squarematrixwithrowsall .._
equalto w - b
~ @.jLYcilandwitha constantHI
addedto thefirstelementOThisconstantisdefinedby
H’ .~b
f
w~b
2;0 y*Yd
andisgivenalprox~telyby therelation
w
(H’ = ~ 2(Yd)P ~ + (Yd)=2b Y*=;)
11
The~trix ~
canbe calculateda-t thegiven stationsfromthe5
relation
.
.
___
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AH’ENDIXC
MOMENTDISTRIBUTIONS .
Thespanwisedistributionf thepitchingmomentisoftenof less
interesthantheliftdistribution;foraircraftloadscalculationsthe
liftdistributionusuallyisofprimaryin{erestyandforstability
calculationstheuseoftwo-dimensionalcentersof pressureoftenyields
sufficientlyaccurateover-allaerodynamicparameters.Forsomepur-
poses,however,suchas staticaeroelasticcalculations,a knowledgeof
thespanwisedistributionfthepitchingmomentis impertanti--Inthis
appendixsomeavailableknowledgeconcernl~gthisdistributionis
summarizedforuseinconjunctionwiththem“ethodofthispaper.
Thevariationof thepitchingmomentalongthespanmaybe obtained
fromthelift.distributiona dthelocalcentersof pressure.Thelocal .“
aerodynamiccenter,thatis,thecenterof pressuredueto angleof
attackor twistofan uncamberedwing,andthecenterof pressuredue ——
to controldeflect-ionareofmost--generalinterest-:-—-
Comparedwiththeamountwfinformationavailableon spanwiselift
distributions,relativelylittleisknownaboutthelocalcentersof
pressureof theliftdistribution.ThecommonlyusedWeissingermethod
(ref.13) forcalculatingliftdistributionsi characteristicallyinca-
pableof furnishinglocalcentersofpresmre. Methods uitablefor”
obtainingsuchinformation,suchasFalkner’s(ref.14),arevery
cumbersome,andthelocalaerodynamiccenterscalculatedby these
methodsarenotaltogetherreliable.Forinstance,by usingdifferent--
vortexrepresentationsinFalkner’smethoddifferentilocalaerodynamic
centersareobtained,althoughtheliftdistributionsarenearlythe
same.Thecentersof pressuredueto ailerondeflectioncannotbe
.m..-
calculatedaccur&telyby Falkner’smethod.An additionaluncertainty
inconnectionwiththelocalcentersof pressureisthefactthatthese
centersaremoresensitivethantheliftdistributionto deviationsfrom
thepotential-flowconditions(asa resultofboundary-layerseparation,
forinstance)assumedintheanalyticalmethods.
——
—
As a resultoftheseconsiderationstheinformationconcerning
localcentersofpressurepresentedinsubsequentsectionshouldbe ...
regardedas qualitativeratherthanquantitativeinnature;it is
-.
-.
intendedas a roughguideuntilmorerefinedmethodsof calculating ._,,_
suchinformationareavailable.Theyalugsofthelocalaerodynamic
centersandcentersofpressuredueto controldeflect-ionarefor
—
incompressibleflow. Inorderthatsubsonicompressibilityeffects .
maybe takenintoaccountapproximately,thevaluesshouldbe estimated
.
forumequivalentwingwithanaspectratioequalto fl~ times .
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.
theactualaspectratioandwithan effectivesweepangleA=, the
tangentofwhichis 1/~2 timesthetangent
angleA.
LocalAerodynamicCenter
of theactualsweep
Thelocalaerodynamiccentersof an unsweptwingof veryhigh
aspectratioareat thequarter-chordline.As theaspectratio
decreasesthelocalaerodynamiccentersmoveforward,inparticular
nearthetipof thewing. Forconstant-chordwingsofvanishinglyow
aspectratio,virtual-massconsiderationsindicatethatthelocalcen-
tersof pressureareneartheleadingedge,althoughtheapplicability
of low-aspect-ratioheoryto sucha wingmaybe questioned.
Thelocalaerodynamiccentersof severalunsweptconstant-chord
wingscalculatedby Falkner’smethodandthoseof twoelliptic,wings
calculatedfromtheresultsof reference19areshowninfigure13(a).
At highandmediumaspectratiosthewingtaperhaslittleeffecton
thelocalaerodynamiccenter,asmaybe seen,forinstance,by comparing
theresultsfortheconstant-chordandellipticwings.At verylow
as~ct ratios,ontheotherhand,virtual-massconsiderationsindicate
thattheeffectoftaperislikelytobemorepronounced.Iftheleading
edgeissweptback,thelocalaerodynamiccentersof a wingwithvanish-
inglysmallaspectratiomaybe estimatedfromthedatashownforthelow-
aspect-ratiodeltawinginfigure13(c)by consideringthepartof the
wingenclosedby theleadingedgeandthelinewhichconnectsthetwo
endsoftheleadingedgetobe a deltawing(seefig.5). The
aerodynamic-centerlocationshowninfigurelk(a)wereobtainedinthis
manner.
Thelocalaerodynamiccentersof sweptwingsof veryhighaspect
ratioarealsoon thequarter-chordline,exceptat therootandthe
tip. Nearthewingrootthelocalaerodynamiccenter,whichisat the
quarter-chordpointforan unsweptwing,movesbackas thewingis swept
backandapproachesthemidchordpositionforveryhighsweepangles;
as thewingis sweptforwardthelocalaerodynamiccentermovesforward.
At thewingtip,ontheotherhand,thelocalaerodynamiccentermoves
forwardtowardtheleadingedgeas thewingissweptbackandrearward
as thewingissweptforward.
Thelocalaerodynamiccentersforsweptwingsofmediumaspect
ratiodependbothontheaspectratio(inmuchthesamewayas for
unsweptwings)andontheangleof sweep(ina mannersimilartothat
describedintheprecedtigparagraph).Theresultsof calculationsby
meansof Falkner’smethodforconstant-chordwingsof variousweep
anglesandas~ct ratios,aswellas foronetaperedwingandtwodelta
.—
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wings,areshownin figures13(b)and13(c).Comparisonofthetwoplan
formsofaspectratio2 with600swe.epbackcorro~ratesthepreviously
madestatementthatta~r ha5aneffecton––thelocalaerodynamiccenter
at lowas~ct ratios,althoughtheeffectvisfa-irlysmall.
..—
Forwingsofverylowaspectratiowithsweptbackleadingedges
andwithoutreentranttrailingedges,themethodofreference8 maybe
used. Inthecaseof deltawingsityieldstheaerodynamic-center
.
variationalongthespanshowninfigure13(c).
Forwingswithanglesof sweepbacklargerthanabout600the
resultsof slender-wingtheorypresentedh reference9 maybe usedas ,-..
a guide.Thelocalaera.dynamic-centerpositionsobtainedinthismanner -..
areshowninfigure5. Thesevariationsareonlyapyroximat-e,particu-
larlyinthecaseofthewingswithsmall’plan-formparameter,forwhich
onlythevaluesattherootandtipareknown.
Thelo.cal-aerodynamic-centerli esshownin figure13havebeen
calculatedfor.constantanglesof attackalongthespan.
,
Fromthedata
of.reference19,however,a local-aerodynamic-centerlin canbe calcu- _-..
latedfora linearantisymmetricangle-of-attackdistributionfan .
ellipticwingofaspect-ratio6. Thislineagreesperfectlywiththe .
oneshowninfigure13. Consequently,itmaybe assumedthatthenature
oftheangle-of-attackdistributionalongthes~n haslittleffecton
theloc~l-aerodynamic-centerlocationforunsweptwings,andprobably
forsweptwingsaswell.
.
LocalCenterofPressureDuetWControlDeflection
Forunsweptwjngsofhighaspectratioand,exceptattherootand
thetips,forsweptwingsofhighaspect-ratio,thetwo-dimensional
valueof thecenterofpressuredueto controldeflectionmaybe used.
Formediumaspectratiosnoresultscomparabletothoseforthelocal
aerodynamiccenterareavailable.Inorderthatsomeindicationf the
probablelocationofthecenterof pressurerelativetothetwo-
dimensionalvaluemaybe obtained,thedifferenceb tweenthelift
actuallycarriedat–anysectionof thewingandthatwhichwouldbe
carriedifthesectionwereintwo-dimensionalflowmaybe considered
toactat theaerodynamiccenter.Thisassumptionleadstotheequation
NACATN2751
.
.
.
where 7111 isthevalueof 7 calculatedby themethodof thisPper,
a isthelocalaerodynamiccenter,and
7J__= : Czaq cos A(bCOSA)
c
= ; CZE8 COS2A
c
—
where b isthecontroldeflectionmeasuredina planeperpendicular
tothehingelineand ~ isthetwo-dimensionalv ueof thecontrol
effectiveness.
Forwingsofverylowaspectratiothemethodofreference8 may
sometimesbe usedto calculatecentersof pressuredueto controldeflec-
tion,providedboththewingandthecontrolsurfacehavesweptback
leadingedges,thetrailingedgeisnotreentrant,andthehingelineis
perpendiculartothefreestream.Thecentersof pressuredueto a
symmetriccontroldeflectionas givenby theapparent-massconcepton
.—
whichreference8 isbasedareshowninfigurelk(b)fortwosuchwings.
Whentheentiretipofa low-as~ct-ratiowingisrotatedabouta hinge
lineperpendicularto thefreestresm(asshowninthethirdsketchof
fig.14(b))theresultingspanwiseliftdistributioncanbe obtained
fromreference15,butno chordwisedistributionsaregivenby thismethod. ‘-
Inthecaseof thefirsttwoplanformsshowninfigurelk(b),all
theliftcarriedaheadofthehingelinewhenthewholewingisat an
singleof attackIscarriedat thehingelinewhenonlythecontrolsur-
faceisdeflected.Thecontrolsurfaceitselfcarriesthesameliftas
itwouldifthewholewingweredeflected.
Forwings
catesthatthe
valuecloseto
asthoseshown
of lowaspectratiotheapparent-massconceptalsoindi-
two-dimensionalv ueof ~ cannotbe used;insteada
1 shouldbe usedforwingsofverylowaspectratiosuch
infigure14.
.
.
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